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We prove that the adjoint module of a Chevalley group (not of type C,) has a 
presentation by long root subalgebras, subject to certain relations determined by 
the minimal parabolic subgroups. 0 1989 Academic Press, Inc. 
Recently Ronan and Smith (see [RSl, RS23) developed a theory dealing 
with the connection between the geometry of Tits buildings and the 
representation theory of Chevalley groups (in their natural characteristic). 
Our starting point is the following observation: If V is an irreducible 
(rational) W-module, where r is a Chevalley group over the field k, then 
V (regarded as a k-vector space) has a natural collection (V,) of subspaces 
indexed by the parabolic subgroups P of r; V, can be defined as the 
(unique) minimal non-zero P-invariant subspace of V, or as the fixed space 
of the unipotent radical of P (see [Sl]). In the case char(k) = 0, the collec- 
tion (V,) can be characterised in a totally different way, namely as the set 
of all inner ideals of a certain trilinear product V x V* x V + V (see [F] ). 
In this theory, a central object of study is the k-vector space r, 
abstractly generated by the l-spaces Vs for B a Bore1 subgroup of r, 
subject to those relations that hold inside the spaces V,, P a minimal 
parabolic subgroup of r. (Thereby “minimal” means that the only 
parabolics properly contained in P are Bore1 groups.) In other words, r is 
the direct limit (in the category of k-vector spaces) of the system of spaces 
V,, V, together with the natural inclusion maps between them. The space 
P is naturally a r-module, with unique irreducible quotient V (see [RS2, 
3B; R2], where v arises as O-homology of a certain “universal presheaf.“) 
The module r has been computed in [RSl] for the “minimal-weight” 
modules. Segev and Smith [SS] have studied the question for the 
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7-dimensional module of Gz (note that neither of G,, Fh, and E, has a 
minimal-weight module). 
In the present note we are concerned with the adjoint modules L. The 
main result says that if we exclude the type CI, then L has a presentation 
by its long root subalgebras, subject to the relations holding inside certain 
A,-subalgebras. Combining this and the result [SV] of Smith and Volklein 
in the AZ-case, it follows that if V (ad) denotes the (unique) irreducible 
quotient of L then V “(ad) = L (as r-modules); thereby we have to assume I 
that the field k is perfect of positive characteristic or a (possibly infinite) 
number-field. (In particular all finite fields are covered.) This result is used 
in [V] to compute the l-~ohomology of the adjoint modules of the finite 
Chevalley groups (not of type C,). 
The proof of our main result uses the “apartment method” of [SS; RSl, 
Theorem 4.11. For the type GS, M. Ronan has worked out another proof 
(indicated in [RI, Example 41); I am grateful to him for letting me use his 
notes, which has led to some improvements in this paper. 
1. MAIN RESULTS 
The following notation will be kept fixed throughout the paper: Let G be 
a simply-connected absolutely almost simple algebraic group defined and 
split over the field k, and of rank 22. (For the terminology concerning 
algebraic groups, we follow [Bt, BTl].) As usual we identify G with the 
group of its points over some algebraically closed overlield K of k. Then the 
Lie algebra LK of G is a Lie Algebra over K, equipped with a k-form L 
(i.e., L is a k-subalgebra of L, with L, 1: LOk K); to every k-subgroup H 
of G there corresponds a subalgebra ZK(H) of L, and a subalgebra 
9(H) = 2&(H) n L of L. 
If T is a maximal k-split torus of G and U a long root subgroup of G 
relative T (i.e., a root subgroup corresponding to a long root), then we call 
5?(U) a long root subalgebra of L; furthermore if H is a k-subgroup of G 
which is almost simple of type A, and is generated by long root subgroups 
relative T, then we call 9(H) a long A,-subalgebra of L. Our main result 
(to be proved in Sections 2 to 6) is the following 
THEOREM, Suppose G is not of type C,. Then L has (as a k-vector space) 
a presentation with generators the elements of its long root subalgebras, 
subject to those reiations that hold inside long A,-subalgebras. 
Remurk. (a) If G is of type C, then L has no long ~*-subalgebras, 
hence the theorem fails in this case. 
(b) L is a Chevalley algebra, i.e., L = L, 0 k for a Chevalley Z-form 
of a simple complex Lie algebra (see [B2, 3.3(l), (4)]. 
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If T is a maximal k-split torus of G, we let #(T, G) denote the system of 
roots of T in G, and for each CI E d( T, G) the corresponding root subgroup 
of G is denoted by U,. If /I, y E 4( T, G) are long roots such that a := y - /I 
is also a long root, we call 2’(( Us, U,)) a root-line; note that 
H := (U,, U,, U,, K,) is almost simple of type A,, hence T(H) is a 
long A,-subalgebra of L, and all long A,-subalgebras of L arise in this way. 
By [SpSt, 11.531, H is simply-connected, hence isomorphic SL,. Thus we 
can identify Y(H) with the space A of traceless 3 x 3-matrices over k in 
such a way that the subspaces A,,, (= annihilators in A of the successive 
quotients k3/l/p/{0} for p, I a flag in the projective plane Pk3 over k, see 
[SV]) correspond to long root subalgebras; furthermore the 2-spaces A, 
( = annihilators in A of the successive quotients k3/X/{O} for X a point or 
line of Pk3) correspond to root-lines. Since by [SV, Corollary] all relations 
between the A,,, are consequences of the relations holding inside the 
2-spaces A, (if k is as below), we obtain: 
COROLLARY 1. Suppose k is either perfect of positive characteristic or a 
(possibly infinite) number field. Assume furthermore that G is not of type C,. 
Then L is (abstractly) generated by its long root subalgebras, subject to those 
relations that hold inside root-lines. 
Proof Only one observation is necessary to complete the above argu- 
ment: Namely that each long root subalgebra E of L contained in T(H) 
is a (long) root subalgebra of Z(H), i.e., corresponds under the .above 
identification to one of the spaces A,,,. To see this we consider the root- 
space decomposition L = Y(S) + &e4(S,G) E, of L relative to a maximal 
k-split torus S of G such that E = E, with I the highest root (relative some 
order on d(S, G)). Using the formula [E,, , EJ s E,, + p2 (where [ , ] 
denotes Lie product) we derive the “inner ideal property”: [[E, L], E] 2 E 
(cf. [F]). In particular [[E, Y(H)], E] 5 E, and thus the above claim 
follows from the fact that the A,,, are the only l-spaces in A satisfying 
CCA,,r, Al> A,,,1 s A,,, and consisting of nilpotent elements. (This is easy 
to check since A has only two classes of nilpotent elements #O.) Q.E.D. 
Remark. (1) The hypothesis on k in Corollary 1 is equivalent to the 
condition that Der(k) (= the space of derivations of k) is zero (cf. [SV, 
2.91). That this hypothesis is essential can be seen as in [SV, Sect. 23: For 
simplicity we sketch the argument only in the (generic) case that L is 
simple (as a Lie algebra, cf. [H] ). Let N be the Lie algebra of Z-linear 
derivations of L generated by the inner and field derivations; as a module 
for G, (= the group of k-rational points of G), N is a non-splitting exten- 
sion over L of the trivial module Der(k). The dual module N * can be seen 
to contain copies of the long root subalgebras of L, realising the relations 
given by the root-lines and generating a submodule of N* that equals N * 
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if dim N* < co and is infinite-dimensional otherwise. Thus Corollary 1 fails 
if Der(k) # 0. 
(2) The geometric significance of Corollary 1 stems from the fact that 
the long root subalgebras resp. root-lines of L are the points resp. lines of 
the geometry associated with the adjoint representation of G over k (in the 
sense described in the Introduction). This is worked out in the following. 
Again T denotes a maximal k-split torus of G. Since every pair of long 
roots CI, fl in &T, G) with a + /I a root can be embedded in a system of 
simple roots unless G is of type G2 (see [Bou, Chap. VI, Sect. 1, Proposi- 
tion 24]), we see by checking each type of irreducible root system 
separately that all those (ordered) pairs (a, /3) are conjugate under the 
Weyl group (of T in G) except in the case A,. Handling the case A, 
separately, we see that for each such pair CI, p we can choose an order on 
&T, G) such that Q is simple and y := c1+ fi is the highest root (cf. [Bou, 
Chap. VI, Sect. 1.81). Letting F := Gk denote the group of k-rational points 
of G (a universal Chevalley group, see [B2, 3.3(5)]) it follows that the 
stabilizer P, in r of the root-line X= Z( (U,, U,)) contains (U,), = 
U, n Gk for every positive root 6, hence P, is a parabolic subgroup of r; 
similarly the stabilizer in r of the long root subalgebra E = .Y( U,) contains 
a Bore1 subgroup B of r. Note that P, acts irreducibly in X (already 
((U,),, (U-J, c=- = fW2, k) does). 
Now let Tad) denote the unique f-irreducible quotient of L (see 
Lemma 1.1 below). It follows from the previous paragraph that the image 
in padi of E (resp. X) equals f/gd’ (resp. I/(paR)) (see the Introduction). 
Since dim X= 2 we have VgOd) = i/pd’ for a minimal parabolic P of K In 
fact all the spaces V gd), B a Bore1 subgroup of f (resp. Vgd), P a minimal 
parabolic of r) arise in this way, as images of the long root subalgebras 
(resp. root-lines) of L. Recalling that Cad) is the space abstractly generated 
by the VgdJ, subject to the relations holding inside the Vgd), we can now 
rephrase Corollary 1 as follows: 
COROLLARY 2. Suppose k is as in Corollary 1, and r is a (spiit) 
~heval~ey group over k not of type A, or C,. lf Vtad) denotes the (unique) 
irreducible quotient of the adjoint module L of r, then pfad) z L. 
It remains to record 
LEMMA 1.1. L is (linearly) spanned by its long root subalgebras and has 
a unique maximal r-submodule. 
Proof: In view of Remark (b) above, the lemma follows from [H] or, 
using a more general argument, from the fact that L is a Weyl-module 
for r. (Note that our standing hypothesis that G is simply-connected is 
essential for the lemma.) Q.E.D. 
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Now we begin the proof of the theorem. Let 2 denote the k-vector space 
obtained by forming the abstract direct sum of all long root subalgebras of 
L and factoring out those relations that hold inside long A,-subalgebras. 
(This constitutes a change in notation, done for the sake of simplicity. It 
cannot lead to ambiguities, since v as defined above will not occur in the 
rest of the paper.) Let d be the set of all long root subalgebras of L and 
for each E E b, let E denote the corresponding (l-dimensional) subspace of 
2. Since L is the image of z under the canonical k-linear map (by 
Lemma 1.1 ), it suffices to show that dim 2 < dim L. 
2. THE A-D-E-CASE 
In this section we assume that G has only one root length (hence is of 
type A,, D,, or E,). For every maximal k-split torus T of G and for every 
root c1 E d( T, G), set H, = (U,, U-,), L, = Y(H,). Let a(T) be the set of 
all EE d with EL L, for some GI E 4( T, G), and z(T) the span in 1 of all 
i? with E E a(T). 
LEMMA 2.1. t(T) = I? for every maximal k-split torus T of G. 
Proof The basic idea is as in the proof of Theorem (4.1) in [ RSl 1: 
Since each E E d lies in some a(T), it s&ices to show that for any two 
given maximal k-split tori T and S of G, we have z(T) = z(S). By [RSl, 
Lemma 4.41 we can connect T and S by a sequence T= TO, T,, . . . . T,, = S 
of maximal k-split tori of G such that T, n T,-, has codimension 1 in Ti 
and T,- , (1 < i < n); hence it suffices to consider the case that T n S has 
codimension 1 in T (and S). Then the identity component R of Tn S 
equals that of ker(@ for some /I E 4( T, G), and C,(R) = TH,, where C,(R) 
denotes the centraliser of R in G (see [Bl, (13.18)(4)]). By conjugacy of 
maximal tori in C,(R), there exists g E H, with Tg = S. 
Now consider an arbitrary E E F(T). We want to show that E E z(S). By 
definition, E 2 L, for some c( E &T, G). If o! # +/I and neither c1+ b nor 
c1- /I is a root, then U, d and U,, commute, hence U, and U-, are cen- 
tralised by g, and are thus also root subgroups relative to S; then clearly 
EE&(S), hence EsZ(S). If c1= +fi, then also EE&(S), since (HB)“=HB. 
Finally, assume that tx + /I or tl- /I is a root, Then H, and HP generate an 
almost simple k-subgroup H of G of type A,; thus M :=9(H) is a long 
A,-subalgebra of L. Since E 5 M, the desired ,!?s z(S) will follow if we can 
show that M is linearly spanned by elements of a(S); but this follows from 
the fact that H ( z SL,) is normalised by S (note that S = Tg, where T and 
g E H, 5 H normalise H), using [BT2, 3.6(2)] or a direct argument. 
Now we have proved that L(T) 5 z(S). Hence by symmetry 
z( T) = E(S), which proves the lemma. Q.E.D. 
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Now fix T and choose an order on d( T, G). For each a E&T, G) set 
E, = 9( U,). Since L, is spanned by elements of d and contained in a long 
A,-subalgebra of L, the E with E 5 L, (E E 8) span a 3-dimensional 
subspace L”, of z. 
LEMMA 2.2. L(T) is spanned by the E, for simple cc, together with the B, 
and ,?, for c( positive non-simple. 
Proof We have to show that for each positive root y, z, lies in 
W := (E,: CI simple; 8,, 5 r : c1 positive non-simple ). We use induction on 
the height of y, beginning with the trivial case that y is simple. Now assume 
that y is not simple. Then y = a + /I for positive roots CI, fl of smaller height. 
By induction z, and 2, are contained in 2. Again H, and H, generate a 
group H g SL,, hence M := Y(H) is a long A,-subalgebra of L. Since 
L, 5 M= L, + L, + E, + E-,, it follows that &, & 2, + l, + E, + E-, 5 x 
Q.E.D. 
Since dim L = rank(G) + # roots, Lemma 2.2 implies that dim l(T) < 
dim L (note that dim l,=dim L,= 3). Hence dim t<dim L by 
Lemma 2.1, which completes the proof of the Theorem in the A-D-E-case. 
3. THE B&ASE 
In this section we consider the case that G is of type B,, Ia 3. For 
simplicity we replace G by its adjoint group; then L need no longer be 
generated by its long root subalgebras, but the dimension of L and ,? will 
not change (since the AZ-subgroups of G generated by long root subgroups 
are still simply-connected). So now we may assume that G is the identity 
component of the invariance group in GL(n, K), n = 2Z+ 1, of the quadratic 
form 
q(x)=x1x2+xgxq+ ... +X,~*Xn~I+X;, X=(X1,...,Xn)EP. 
The associated bilinear form is (x, y) = q(x + y) - q(x) - q(y). We will call 
a subspace X of the k-vector space V := k” singular if q(x) = 0 for all x E X. 
(Note: This is usually called totally singular.) Subspaces of V of dimension 
1 resp. 2 resp. 3 will be called points resp. lines resp. planes. Then the long 
root subalgebras of L are in l-l correspondence with the singular lines T 
in V: The E=E 8 corresponding to T consists of all maps of the form 
v I--+ (v, x)y - (v, y)x with x, ye T (cf. [K, p. 3481). 
Now let e,, . . . . e, denote the canonical basis of V= k” (i.e., e, is the 
vector having 1 in the ith entry, zeroes elsewhere). The restriction of q 
to the hyperplane W := (e, , . . . . e,- I ) of V is the quadratic form 
x,x2 + . . . + x,-*x, ~, , hence the stabiliser G, of W in G has a group of 
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type D, as identity component (note that Gw fixes also the point (e,)). 
Clearly the long root subalgebras of N := 9(G,) are exactly the E, with 
T a singular line in IV, and the long A,-subalgebras of N are also long 
A,-subalgebras of L (note that G, contains a maximal k-split torus of G). 
Hence by the preceding section we get 
(1) The subspace fl of E spanned by the E, with T a singular line in 
W satisfies dim N = dim N. 
Next we prove: 
(2) If S is a singular line in V intersecting W in the point P, then 
Es + fi contains all i?, with T a singular line in V through P. 
The singular lines resp. planes through P correspond to the singular points 
resp. lines of the space V’ = PI/P, on which q induces a non-degenerate 
quadratic form of (split) B,- ,-type. Therefore we obtain all singular points 
of v’ from the points corresponding to the line S and to the singular 
lines in W through P by “geometric spanning”: iterating the process of 
connecting two points with a singular line and taking all points on this line 
(see [RSl, proof of Theorem (4.3)]). Hence claim (2) follows from 
(3) Given three distinct lines T, TJ, T2 lying in a singular plane and 
intersecting in a point P, we have ,!?,s E,, + ,!?,. 
We may assume P= (e,), T, = (e,, e,), T,= (e,, es). Then E,z E,, + 
E, (cf. the relations (2), (4) in [St, Sect. 31). Thus it suffices to show that 
E,, and E, are contained in a long A,-subalgebra of L. For this note that 
A4 := (e,, e3, e,) and M’ := (ez, e4, e6) are singular planes of the space 
D = M+ M’, on which q induces a quadratic form of (split) D,-type. 
Thus the subgroup of G fixing M, and M; and acting trivially in Di 
(where the subscript K indicates K-span) is k-isomorphic to GL,, hence its 
commutator subgroup H is k-split of type A, and Y(H) is a long 
A,-subalgebra of L containing ET, and E, (see again the relations in [St, 
Sect. 31 and the definition of ET). 
(4) Letting Wi denote the subspace oft spanned by all the E, with T 
a singular line in V through (e,) (for i = 1, . . . . n - l), and 2 the span of m 
and all the $, we get dim 2 < dim L. 
Namely,dimL = dimSO, = n - 1 + dimSO,-, = n - 1 + dimN= 
n - 1 + dim fla dim $ where the last inequality follows from (2) and the 
last equality from (1). 
(5) w= 2: Let’s call a point P of W good if all singular lines T 
through P satisfy i?,s f. Given two good points P, # P, on a singular line 
R in W, we find a singular plane A4 containing R and not contained in W, 
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pick some point Q g M\ W. Then for the lines Tt = Pi + Q (i = 1,2) we 
have E, g $ hence E,s .$? for all lines T in M through Q (by (3)). Then 
by (2) all points P on R are good (since the line S := P + Q satisfies 
E,E m, Thus we have proved that if a singular line of W contains two 
good points, then all points on the line are good. Since by de~nition of 8 
the points (e, ), . . . . (e,_ , ) are good, it follows that all singular points of 
W are good (again by [RSl, proof of Theorem (4.3) 1). Since every singular 
line T of V meets W, it follows that E,s w  for all singular lines T, hence 
li7=2. 
(6) By (4) and (5) we have dim z < dim L, which proves the theorem 
in the B+ase. 
4. T~IE G#~ASE 
In this section we consider the case that G is of type GZ. As in [SS] let 
C+ be the split Cayley algebra over k and C the subspace of traceless 
elements; for notational convenience we make the identification C = k7. We 
may assume that G is the subgroup of GL(7, K) induced by the 
automorphism group of C+ Ok K. The norm form of C+ restricts to a 
quadratic form 4 on C of (split) B,-type, and G is contained in the identity 
component F of the invariance group of q in GL(7, K). Thus F is simple of 
type B,, and as in the preceding section the long root subalgebras of 9(F) 
are the E, with T a singular line in C. Calling those (singular) lines in C 
on which the algebra multip~cation of Cc restricts to zero Cay& lines 
(these are the lines of the generalised hexagon associated with the 
G-module C, see [SS)), we see that the long root subalgebras of L = 2(G) 
are exactly the E, with T a Cayley line in C (cf. [K, Example (16)]). We 
shall need the fact that the Cayley lines through any singular point P of C 
are exactly all lines through P in some singular plane M, (see [SS, 
Lemma (3)] ). 
( 1) rf T, T, , T2 are distinct Cay&y lines t~~o~g~ a point P of C, then 
E,r E,, -I- E,. 
Since T< M, = T, + T2, we have E,s E, + E, (see (3) in Section 3) 
and it suffices to show that E,, and E, lie in a long A,-subalgebra of L; 
as such we may take Z(H), where H is generated by the root subgroups 
corresponding to the Cayley lines in W = M, + M, for some singular point 
Q of C not orthogonal to P, by the following: 
(2) Fix non-orthogonal points P and 0 of C. Then W= M,- + M, is 
non-degenerate &dimensional; the points R with M, 5 W are exactly the 
points in two disjoint singular planes A, B of W, and for each point R E A 
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(resp. RsB) we have M,= R+ (RI nB) (resp. M,= R+ (RI n A)). 
Hence every singular point of W not in A u B lies on exactly one Cayley 
line in W, and the Cayley lines in W are exactly those singular lines in W 
that meet A and B. Clearly, the root subgroups corresponding to those 
Cayley lines generate a subgroup HE SL(3, K) of G. (For all this, see 
[CK, Appendix].) It follows that Y(H) is a long A,-subalgebra of L, 
which completes the proof of (1). 
(3) Now we are going to construct a suitable spanning set for 2. 
Choose vectors ai, bj with A = (a,, a2, a3) and B= (b,, b,, b3) such that 
(ai, bj) = 6, (where ( , ) is the bilinear form associated with q and 6, the 
Kronecker symbol). Setting 
A’=(a,+b,,a,-b,,a,) and B’ = (b,, b, - a3, 6, + as> 
we obtain singular planes A’, B’ with W= A’ + B’, A n B’ = A’ n B = {0}, 
P,:=AnA’=(a,), Q,:=BnB’=(b,). 
(4) Finally, choose points P,, P,, P, spanning A’ and points Q,, 
Q,, Q3 spanning B’ such that P,, (resp. Q,) is not on a line with two of the 
P;s (resp. Q+) for i> 0. Define wi (resp. Fi) to be the subspace of z 
spanned by the ,I?, with T a Cayley line through Pi (resp. Qi) for i = 1,2, 3, 
and fl to be the span of the ,??, with T a Cayley line in W. Then let 8 
denote the span of fi and all the fi, yi (i= 1,2,3). By (1) and (2) we have 
dim(fl f $) = dim(W + yi) = 1 + dim fi, hence dim 86 6 + dim R. Since 
the E, with T a Cayley line in W span N := Z’(H), which is a long 
A,-subalgebra of L, we have dim fi= dim N= 8, hence dim 36 6 + 8 = 14 
( = dim L). Thus it will suffice to show that w= 1. 
(5) Call a singular point P of C good if E, 5 W for all Cayley lines 
T through P. By definition of % all points in A u B and the points P,, P,, 
P,, Q, , Q2, Q, are good. Furthermore we have: If a singular line I in W 
does not meet A u B, and contains two good points P # Q, then all points on 
1 are good. 
Namely, since P and Q are orthogonal and I = P + Q is not a Cayley line, 
there is a (unique) point R in C with P + Q E M, (cf. [SS, p. 4991). Then 
E P+R.T and B o + R E 2 (since P and Q are good), hence R is also good 
by (1). If R5 W, then M,=R+P+Qs W and thus RsAuB, say 
R E A; then M, n B and I are lines in the plane M,, hence these lines must 
intersect and thus 1 meets B, contrary to the assumption. Thus R e W. 
Hence each point P’ of 1 is good, since T, := R + P’ and the unique Cayley 
line T2 in W through P’ are distinct Cayley lines through P’ with E, 2 f. 
(6) All points in A’ u B’ are good: From (3) and (5) it follows that if 
I is a line in A’\ P, that contains two good points, then all points on I are 
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good. This implies first that all points on the triangle P, P, P, are good, 
and then (by a straightforward geometric argument) that all points on A’ 
are good. The case of B’ is analogous. 
(7) All singular points (x) in W\(B+ B’) are good: By (5) and (6) 
we may assume x $ A u A’. Write x = a’ + b’ with a’ E A’, 6’ E B’. For later 
use we note that a’ and b’ are orthogonal, since q(x) = q(a’) = q(b’) = 0. 
Clearly M := (a’, 1’) is a singular plane, where 1’ = (a’)’ n B’. If 
dim(M n A) > 1, then the line I’ must intersect M n A (since both lie in the 
plane M), hence B’ n A # { 0}, contrary to (3). Thus dim(Mn A) < 1. If 
dim(Mn B) > 1, then the line 1’ must intersect Mn B, and this intersection 
must be the point B’ n B; thus B’ n B 5 M and a’ E Wn (B’ n B)’ = B’ + B, 
finally x = a’ + b’ E B + B’, contrary to the assumption on x. Thus 
dim(Mn B) 6 1. 
It follows that at most two of the lines I in M through (a’) meet A u B. 
(Note that a’$ A, since A n A’s Wn (Bn B’)‘= B+ B’ by (3).) But if 
such a line 1 does not meet A u B, then all points on I are good by (5) and 
(6). Hence all points in the plane M are good, except possibly the points 
on two lines through (a’). Now if the field k has more than two elements, 
there are at least four lines in M through (a’), hence every line in M not 
containing (a’) carries at least two good points and it follows by another 
application of (5) that all points in M are good. But x E M, hence (x) is 
good. Finally, if Ikl = 2 then either (x) E A u B-then (x) is good--or 
x4 A u B- then none of the three points (x), (a’), (b’) on the singular 
line (a’, 6’) lies in A u B and (x) is good by (5) and (6). (a’ 4 A has 
just been shown and a’ $ B, b’# A follow from A’ n B = B’n A = (0); 
b’ E B would imply 6’ E B n B’, hence a’ E Wn (B n B’)’ = B + B’ and 
x = a’ + b’ E B + B’, contrary to hypothesis.) 
(8) All singular points in W\ (A + A’) are good. Analogously 
(9) All singular points in W are good. 
By (7) and (8) we only have to consider singular points P in 
Y:=(A+A’)n(B+B’)=(a,,b,)‘n W. We may assume p e AuB. 
Then P=(y), where y=a+b with SEA, bEB, a#O#b, (a,b)= 
(a,bl)=(a,,b)=O. If (a,,b)#O, we can choose DEB with (a,&= 
-(a,, b) and (a,, 6)=0, such that b and 6 are linearly independent; then 
setting z = a, + 6 we obtain a singular point (z) not in Y and orthogonal 
to (y), such that the singular line (y, z) does not meet A u B. (The latter 
follows from the fact that a and a, as well as b and 6 are linearly 
independent. ) If (a i, 6) = 0, then b E (b2), hence a~ (as) and setting 
z=a,+Ib, for a suitable J.~k\{0} we again obtain a singular point (z) 
with the above properties. By (7) and (8) all points on the line (y, z) 
except (v ) are good, hence by (5) also P = ( y ) is good. 
REPRESENTATION OF CHEVALLEY GROUPS 149 
(10) Since every Cayley line Tin C intersects the hyperplane W of C, 
it follows from (9) that ,!?,s 8 for all those T, hence w= z. By (4) this 
completes the proof of the theorem in the G,-case. 
5. THE C,-CASE 
In this section we establish a proposition which is needed in the next 
section (on F4). We assume G is of type C3. If H is an almost simple 
k-subgroup of G of type Cl, normalized by a maximal k-split torus of G, 
we call 8(H) a regular C,-subalgebra of L. 
PROPOSITION. L is generated by its lmg root subalgebras, subject to those 
relations that hold inside regular C~-subaIgebras. 
We may assume that G is the invariance group in GL(6, K) of a non- 
degenerate alternate bilinear form f on Y := k6. Then the long root sub- 
algebras of L are in 1-l correspondence with the points P in V: The E, E d 
corresponding to P consists of all maps of the form x -tf(x, u)u with 
U, v E P (cf. [Bou, Chap. VIII, Sect. 13.31). Each regular C,-subalgebra of L 
is of the form Z(Gw), where W is a non-degenerate 2-space in V and G W 
the subgroup of G fixing all elements of W. (Namely, GW z Sp, is of type 
C,, and all regular C,-subalgebras of L are conjugate under Gk, which 
follows from [Bou, Chap. VI, Sect. 1, Proposition 24) as in the discussion 
after Corollary 1.) Let e denote the space obtained by forming the abstract 
direct sum of all E E d and factoring out those relations that hoid inside 
regular C,-subalgebras. For each E E 8 let ,!? be the image of E in Z. As for 
L, it will suffice to show that dim L< dim L. 
We can write V as the orthogonal direct sum (relative to S) of three 
non-degenerate 2-spaces W, , W,, W,< V. Set L, := Y(Gw) and let Li 
denote the span in L of all i? with EE 8, E< L, (i = 1,2,3). Since the 
L, are regular C,-subalgebras of L, we have dim L,= dim L,= 10. 
From (J?, n &) + (L, n &) < (E, f E,) n E, and L, n Lz n L, = (01 we 
conclude 
hence 
dim(& n &) + dim(e, n &) < dim[(L, + rJ,) n L3], 
dim(t, + & + L,) = dim(C, + L2) + dim L, - dim[(L, + L,) n E,] 
<dim i;, + dim L, + dim & - dim(L, n L,) 
- dim(L, n E,) - dim{& n il,) 
=3*10-3.3=21=dimL. 
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(Thereby, dim(L, n&) = 3 follows from the fact that L, n L, is a 
subalgebra of L of type A,, spanned by long root subalgebras.) Thus we 
have dim(L, + E2 + 1,) d dim L. Together with the following lemma this 
gives dim E < dim L, hence the proposition. 
LEMMA 5.1. L,+&+L,=L. 
ProofI We distinguish between the cases (kl > 2 and (k( = 2. The latter 
case can be settled in various ways, one of which we work out in the 
Appendix. Now assume (kl > 2. 
(1) If T is a line in V and P, P, , P,, P, are distinct points on T, then 
E,<E,,+E,,+E,,. 
If T is non-degenerate (relative to f), we may assume T= W, ; then it is 
easy to see that E, < L, n L, = EP, + E, + E,, (remember L, n L, z 
d,(k)), hence E, < E,, + E,, + E,, (since everything is contained in 
the regular C,-subalgebra L,). If T is degenerate, we may assume 
T= (wa, We) with WOE W,. Then again E,, EP,, E,, E,, all lie in L, and 
thus it suffices to show E, < E,, + E,, + E,,. But this follows from the fact 
that EP,, E,,, EP, span the space M of all elements of L, vanishing on T, 
which in turn is a consequence of the following: When identifying L, with 
the symplectic Lie algebra sp,(k) in a suitable way, M corresponds to the 
(3-dimensional) space M’ of all matrices 
0 s 
H-3 0 0 
with S a symmetric 2 x2-matrix, whereby S has rank 1 if and only if the 
corresponding element of M spans a long root subalgebra (see [Hu, p. 31). 
The rank 1 elements of M’ induce a conic in the projective plane !F’(M’) 
and EP,, EP2, E,, correspond to three distinct, hence non-collinear points 
of this conic. This proves the claimed M = E,, + E,, + EP,, and thereby (1). 
Now let .!& denote the set of all points in Wj + W,,, for (i, j, m} = 
(1,2, 3). If PeZ& then E,< Li, hence 
(2) E,<Ei for all points PEA& (i= 1,2,3). 
Now let P be any point in V, but not in !& v ?& v &. Then 
P=(w,+w,+w,) with WOE Wi\{O}. Pick u#O, -1 in k, and set 
ul=wl, v2=o!~‘wz, u,=-(l+c~)-~w~. Then w,+w,+w,=u,+au,- 
(~+cL)u~=(u,-~~)+(l+a)(u,-uu,), hence P lies on the line T:= 
(4 -029 v2 - vj). Since T contains the points 
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it follows from (1) and (2) that E, < E,, + E,, + E,, < 1, + & + E,. Thus 
i?, < 1, + 1, + 1, for all points P in V, proving the lemma. Q.E.D. 
6. THE F4-C~s~ 
In this final section we assume that G is of type F4. We proceed similarly 
to Section 2. For any maximal k-split torus T of G, let b(T) be the set of 
all long root subalgebras of the Y(F), where F runs through the almost 
simple k-subgroups of G of type Cz normalised by T; let L(T) denote the 
span in ,? of all ,!? with E E d( T) (clearly, each long root subalgebra of 
Y(F) is also one of L = 2’(G)). 
LEMMA 6.1. L(T) = z for every maximal k-split torus T of G. 
Proof. As for Lemma 2.1, it suffices to show that L(T) = z(S) for each 
maximal k-split torus S of G such that T n S has codimension 1 in T. Fix 
such an S, and define R, B, g as in the proof of Lemma 2.1 (in particular, 
gEHB and Tg=S). 
Now consider an arbitrary E E &‘( T). We want to show Es E(S). By 
definition, E is a long root subalgebra of 9(F) for some k-subgroup F of 
G of type C2 normalised by T. Then the group H generated by F and H, 
is normalised by T and S (since S = Tg with g E H, 5 H); H is a semisimple 
k-subgroup of G of rank 63 (see [BTl, 3.4 and 3.131). If H is not almost 
simple, then F is normal in H and is thus normalised by S; it follows that 
E E b(S) (since E is a long root subalgebra of Y(F) with F normalised by 
S), hence Es l(S). If H is of rank < 3, then H = F and the same reasoning 
applies. The only remaining case is that His almost simple of rank 3, hence 
has type B, or C3 (note that since F< H, the root-system of H must have 
a C,-subsystem). Then H is simply-connected (see [SpSt, 11.5.3; Bou, 
Chap. VI, Sect. 1, Proposition 24]), hence M := Z(H) is (linearly) spanned 
by its A,-subalgebras M, = 9(( U,, 17,)) with c( a root of S in H (see 
[BT2, 3.6(2)]). We need to show: 
(*) M is (linearly) spanned by its long root subalgebras contained 
in I(S). 
This follows from the fact that each M, lies in Y(F,) for a k-subgroup F, 
of H of type C, normalised by S; namely since F, is simply-connected (for 
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the same reason as H), 9(Fi) is spanned by its long root subalgebras (by 
Lemma 1.1 ), which all lie in B(S). Since the M, span n/r, (*) follows. 
Given (*), and remembering that E is a long root subalgebra of M, our 
desired i?s E(S) follows if we can show that all relations between the long 
root subalgebras of M are preserved in z. If H is of type B,, this follows 
from Section 3 (since every long AZ-subalgebra resp. long root subalgebra 
of M is also one of L). If H is of type C,, we have to invoke Section 5: 
Since each regular C,-subalgebra of M is contained in Y(H,,) for a 
subgroup H, of G of type B, normalised by a maximal k-split torus of G, 
it follows that those relations between long root subalgebras of M holding 
inside regular C,-subalgebras are preserved in 2 (again by Section 3), 
hence by Section 5 all relations between long root subalgebras of A4 are 
preserved in 2. 
Now we have proved that Es E(5’) for each EE &( T). This gives 
z(7) 5 E(5); hence by symmetry E(T) = z(S), which proves the lemma. 
Q.E.D. 
LEMMA 6.2. dim E(T) < 52 ( = dim L). 
ProoJ: We need the following facts about the root-system Q, = @(T, G) 
(of type FJ: 
(1) # has three (closed) subsystems #i, &, #3 of type B,, which all 
contain the subsystem q& of type D4 consisting of all long roots of 4. 
(2) Each subsystem of 4 of type C, lies in one of Ql,, &, &. 
The existence of a subsystem 4i of type B, follows from the extended 
diagram of 4 (see [Bou, Chap. VI, Table 83). Then the system do of all 
long roots of #r is of type D,, hence has cardinality 24 and thus consists 
of all long roots of 4. Comparing the order of the Weyl-groups I%‘(#) and 
I+‘(#,), we find that W(d,) has index 3 in ~{~); hence #i has at most three 
conjugates under W(d). Since all short roots of # are conjugate under ~(~), 
it follows that 4, has exactly three conjugates #r, &, #3 under IF($), 
proving (1). Since all subsystems of 4 of type Cz are conjugate under W(4) 
(see [Bou, Chap. VI, Sect. 1, Proposition 24]), also (2) follows. 
Let Gi (i = 0, . . . . 3) denote the subgroup of G generated by the root sub- 
groups corresponding to the roots in Qli, and let & be the span in 2 of all 
E with E a long root subalgebra of 9(Gi). Then dim .& = dim G, = 28 and 
dim & = dim Gi = 36 for i > 0, by Section 2 and 3. By (2) each subgroup F 
of G of type C, normalised by T lies in one of G, , G,, G3 and thus we get 
z( 7’) E 1, + 2, + z,. This gives 
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dim E(T) < dim(Z, + 2, + 2,) = dim t, + dim(E, + 1,) 
- dim(E:, n [z, + L,]) 
<dim t, + dim(Z, + z,) - dim &, 
= dim J?, + dim z, + dim z, 
- dim( 2, n t,) - dim 2, < dim J? 1 + dim E, 
+ dim L, - dim z, - dim E, 
=3.36-2.28=52, 
which proves the lemma. (Note that 2, E I?, n J?, n z, by (l).) 
Finally, combining Lemmas 6.1 and 6.2 we get dim E < dim L, which 
completes the proof of the theorem in the F,-case. Q.E.D. 
APPENDIX 
Here we complete the proof of Lemma 5.1 in the remaining case Ikl = 2. 
The argument to be presented grew out of discussions with S. D. Smith. 
We return to the setup of Section 5 and assume Ikl = 2. For any point P 
in V, let ep (resp. ep) denote the (unique) non-zero element of E, 
(resp. E,). For any subspace X of V, set C (X) := ep, + ... + .?,, where 
P , 9 . . . . P, are the points on X. 
(A) If X is a plane in V which is not (totally) singular then C (X) = 0: 
We may assume X< W, + W,. Then the points P,, . . . . P, of X satisfy 
E ,,,, . . . . E,, 5 L, (see (2) in Section 5). Since L3 is a regular C,-subalgebra 
of L, it suffices to show ep, + ... + ep, = 0. But this is easily verified from 
the explicit definition of the elements of Ep (in Section 5). So (A) is proved. 
(B) Zf M is a singular plane in V, then C (M) = 0: Choose a 4-space 
Y containing M. Then rad( Y) (the radical of Y relative to f) is 
2-dimensional. Pick a line S # rad( Y) in M, and a non-singular line R in 
Y. Let S,, SZ, S3 (resp. R,, R,, Rx) denote the planes in Y containing S 
(resp. R); say S, = M. Then SZ, S3 are not (totally) singular. Clearly 
From (A) it follows that C(R,)=C(R,)=C(R,)=C(S,)=C(S,)=O. 
Thus also C (M) = C (S, ) = 0, which proves (B). 
(C) Now we can complete the proof of Lemma 5.1 as follows: We 
have to show that for each point P in V, E, lies in L, + Z, + L,. Write 
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P= ( w1 + w2 + w3) with WiE Wi. We may assume that all wi # 0 
(otherwise apply (2) of Section 5). Then A4 := (w,, w2, wg) is a singular 
plane, and all points Q # P of A4 satisfy I?, s L, + L, + L, (again by (2) in 
Section 5). From (B) it follows that E, is in the sum of those i&, hence 
also E,jE,+E,+L,. 
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